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bstract

The ordering superstoichiometric light rare-earth dihydrides MH2+c (M–La, Ce; H–hydrogen atoms) characterized by two long-range order
arameters, η and η , are considered. The electroresistivity R associated with the redistribution of hydrogen atoms during the ordering processes
1 2 H

s investigated. An analytical expression describing dependence of RH on the equilibrium values of order parameters is obtained. It is shown that in
he disorder–order and order–order transition points, the resistivity temperature dependences RH(T) reveal the discontinuity- or kink-like anomalies.
esidual resistivity and the possible quenching effect concentration dependences are given.
2006 Elsevier B.V. All rights reserved.
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. Introduction

The light rare-earth superstoichiometric MH2+c dihydrides
re considered. It is assumed that N metal atoms form an unper-
urbed fcc lattice, 2N hydrogen atoms completely fill the set
f 2N interstitial tetra-positions (they are called HT-atoms, or
etra-H-atoms) and the remained cN part of hydrogen atoms
called HO-atoms, or octa-H-atoms) are distributed among N
cta-positions which form themselves a fcc lattice [1]. It is
ssumed as well that the ordering process in the subsystem of
O-atoms does not influence on the subsystems of HT-atoms

nd metal atoms and the ordering process of HO-atoms can
e considered as developed within the lattice of given MH2
omplexes.

It was established that the ordered configurations formed in
he subsystem of HO-atoms in some MH2+c compounds can be
escribed by the distribution function [2,3]

[ ]

(Ri) = c + η1 γ1 exp (iK1Ri) + η2 γ2 exp (iK2Ri) + c.c.

(1.1)
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here η1 and η2 are the long-range order parameters,
1 = γ2 = 0.25 are normalizing factors, and K1 and K2 are the
uperstructure wave vectors:

1 =
(

2π

a

)
(1 0 0), K2 =

(π
a

)
(1 0 2) (1.2)

Function (1.1)–(1.2) on the set of fcc lattice sites takes three
ifferent values −n1, n2, and n3:

n1 = c + η1γ1 + 2η2γ2, n2 = c + η1γ1 − 2η2γ2,

n3 = c − η1γ1. (1.3)

The ordering doubles the fcc unit cell in one direction (2a,
, a). Corresponding unit cell is shown in Fig. 1. The fcc lattice
f N octa-positions can be considered as formed by 8 bcc inter-
enetrating sublattices characterized by radius-vectors R1,. . .,
8.
Conduction electron states in MH2+c compounds have a spe-

ific peculiarity. In the N-site lattice of trivalent light rare-earth
etal M the conduction band contains 3N electrons, but in
he case of MH2+c compounds the set of N(2 + c) H-atoms
ntroduced in the lattice absorbs N(2 + c) conduction electrons
nto the low-lying impurity band and leaves in the conduction
and only N(1 − c) electrons which take part in the electro-
onductivity.

mailto:ratisoso@hotmail.com
dx.doi.org/10.1016/j.jallcom.2006.12.005
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Fig. 1. The unit cell (2a, a, a) of an ordered state of octa-hydrogen
atoms. R1–R8 are radius-vectors of the origins of different bcc sublattices.
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If conduction electrons are scattered at different types of the
1—(0 0 0), R2—(0 1/2 1/2), R3—(1/4 1/2 0), R4—(1/4 0 1/2), R5—(1/2 0 0),

6—(1/2 1/2 1/2), R7—(3/4 1/2 0), R8—(3/4 0 1/2).

The aim of the present investigation can be formulated as an
ttempt to describe the influence of the ordering process devel-
ped in the subsystem of HO-atoms on the scattering of electrons,
hich remain in the conduction band of MH2+c compounds.

. Mathematical scheme

Let us begin by a reminder of some general relations for
esistivity of metals.

Equilibrium distribution of conduction electrons on the set of
-states is given by the Fermi-function

0
k =

{
exp

[
(εk − ζ)

κBT

]
+ 1

}−1

(2.1)

here ζ is the Fermi-level and εk is the conduction electron
nergy in the given k-state.

The external electric field accelerates the conduction elec-
rons and modifies the Fermi-distribution function, fk0 → fk. A
tationary state is reached when the time-dependent field-effect
s compensated by the scattering of accelerated electrons on
he imperfections of an ideal lattice (impurities and/or lattice
scillations):

∂fk

∂t

)
field

+
(
∂fk

∂t

)
scatter

= 0 (2.2)

Taking into account that the induced modifications of the
istribution function are assumed to be small, it is written usually
4]

k = f 0
k + gk (2.3)

On assuming that conduction electrons are characterized by
he electric charge e and velocity vk, the current density can be
epresented by the expression [4]
= e

∫
vkfk dk = e

∫
vkgk dk (2.4)

i
p
t
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In conditions of a constant electric field E it can be written
4],

∂fk

∂t

)
field

=
(

−∂f
0
k

∂�k

)
(vk · eE) (2.5a)

The second term of the Boltzmann Eq. (2.2) is presented
sually as [4]

∂fk

∂t

)
scatter

=
∫

(gk′ − gk)P(k,k′)dk (2.5b)

here P(k, k′) denotes the transition probability between the k-
nd k′-states described by the Bloch-functionsψk(r) andψk′ (r).

Transitions between k- and k′-states are caused by different
ype of perturbations. In all cases, within the limits of the first-
rder perturbation theory

(k,k′) ∼ |Ukk’|2 (2.6)

here Ukk′ is the matrix element of the corresponding pertur-
ation potential V′(r),

′(r) ≡ V(r)|perturbed lattice − V0(r)|ideal lattice (2.7)

Time-dependent corrections gk(t) of the distribution function
2.3) are usually assumed to satisfy the Eqs. (4) and (5)

∂gk

∂t

)
=
(
−gk

τ

)
(2.8)

nd consequently can be written as:

k(t) = gk(0) exp
(
− t

τ

)
(2.9)

Here τ is the relaxation time of the conduction elec-
ron system. It characterizes the properties of the given
attice.Combining expressions (2.2), (2.3), (2.5a), (2.5b) and
2.9) we obtain

k =
(

−∂f
0
k

∂�k

)
τ(vk · eE) (2.10)

Then, following (2.4), the current density can be presented
s [4,5]

= σE (2.4’)

here conductivityσ is proportional to the relaxation time τ. Par-
icularly, within the frames of the free-electron model it follows
5]

= nee
2 τ

m
(2.11)

here ne is the concentration of charge carriers and m is the
lectron mass.Resistivity R is defined as

= σ−1 (2.12)
deal lattice imperfections (e.g. thermal vibrations of the lattice,
oint defects, impurities), then the effects of different type per-
urbations are summarized and the total resistivity Rtot can be
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resented as a sum of corresponding ingredients. In the case
f MH2+c compounds conduction electrons are scattered on the
hermal vibrations of metal lattice, denoted as Rtherm(metal), on
he optical vibrations of HT- and HO-atoms, denoted respectively
s Rtherm(HT) and Rthermt(HO), and on the disordered configura-
ions of HO-atoms, denoted as RH. Thus, the total resistivity of

H2+c compounds Rtot(MH2+c) can be presented as

tot (MH2+c) = Rtherm (metal) +Rtherm(HT)

+ Rtherm(HO) +RH (2.13)

e concentrate our attention on the RH term.Let us consider
he specific details of perturbation caused by the spatial redis-
ribution of HO-atoms.Perturbation potential V′(r) acting on the
onduction electron located in the point r is usually presented as
difference between the potentials caused by the real configu-

ation of the perturbing centers in the lattice and caused by their
veraged equilibrium distribution [4–6]. In the case of ordering
H = cN particles (HO-atoms) perturbing the electron states in

he conduction band created by the N trivalent metal atoms (and
epleted by 2N HT-atoms and cN HO-atoms) we can write:

′(r) =
NH∑
i

VH(r − Ri) −
N∑
i

VH(r − Ri)n(Ri) (2.14)

here the first sum is over the interstitial sites really occupied by
O-atoms and the second sum includes all octahedral interstitial
ositions occupied in equilibrium by the hydrogen atoms with
he probability n(Ri). In both sums VH(r − Ri) is the potential
reated at the point r by the hydrogen atom located in point Ri.

The second sum in (2.14) can be presented as

N

i

VH(r − Ri)n(Ri) =
N0∑
i

∑
p

VH(r − (Ri + Rp))n(Rp)

(2.15a)

here N0 is the number of new unit cells in the ordered configu-
ation, p = 1, . . ., 8 numbers the nonequivalent positions within
ach unit cell (radius-vectors Rp are shown in Fig. 1), and n(Rp)
re the equilibrium occupation numbers which are equal to n1,
2 or n3, respectively.

For the first sum we have to assume that

NH

i

VH(r − Ri) =
N0∑
i

∑
p

V (r − (Ri + Rp)) (2.15b)

here p runs over eight nonequivalent positions within each
nit cell, and V(r – (Ri + Rp)) equals VH(r − (Ri + Rp)) or 0,
epending on the real spatial distribution of HO-atoms.

On calculating with the Bloch wave functions the square
f the modulus of the corresponding matrix elements (induced
y the perturbing potentials (2.13)–(2.15)), and averaging in a
tandard way over the set of the enlarged unit cells [4–6], we

btain

∂fk

∂t

)
scatter

∼
(

1

τ

)
∼
∑
l

νlnl(1 − nl), l = 1, 2, 3 (2.16)

[

l
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Here, νl are the portions of octa-positions where the distribu-
ion function n(Ri) equals, respectively, to n1, n2 or n3, defined
y (1.3) (ν1 = ν2 = 0.25, ν3 = 0.5).

Integrating (2.16) over the k-space and using relations
2.10)–(2.12), we can present the hydrogen-dependent part of
he total resistivity by a qualitative expression:

H(c) = A

(
1

ne(c)

)∑
l

νlnl(T )(1 − nl(T )), l = 1, 2, 3

(2.17)

Here, A is a factor depending on the conduction electron
nergy gradient integrated over the Fermi surface and in a wide
oncentration range is very weakly dependent on the tempera-
ure, hydrogen concentration and order parameters, while ne(c)
s the real concentration of conduction electrons. The latter is
ydrogen concentration dependent and decreases on filling the
cta-positions by H-atoms:

e(c) ∼ (1–c) (2.18)

From (2.17) it follows that the temperature dependence of the
ydrogen ordering induced part of resistivity RH is determined
ainly by temperature dependences of equilibrium occupation

umbers n1(T), n2(T), and n3(T).
Let us determine now the equilibrium values of the sites

ccupation numbers nl. The free energy function of the order-
ng subsystem F(η1, η2, c, T) is defined in the restricted part
f (η1, η2)-plane. The restrictions on the possible values of
rder parameters η1 and η2 are imposed by the conditions which
ave to satisfy the sites occupation numbers, that is 0 ≤ n1 ≤ 1,
≤ n2 ≤ 1, 0 ≤ n3 ≤ 1. Coming from linear relations (1.3) and

he condition of positive values of order parameters, the physi-
ally meaningful part of (η1, η2)-plane, containing all allowed
alues of η1 and η2 parameters forms a polygon, surrounded
y η1 and η2 axes and the boundary lines n2 = 0, n1 = 1, n3 = 0
or n3 = 1, if concentration c > 0.5). The form of this polygon
denoted hereafter as “region P”) depends only on the concen-
ration of HO-atoms c (see Figs. 2(a) and 3(a)). The disordered
tate is located in the zero-point of coordinate axes, while the
ow-temperature limiting ordered state is associated with one of
he corner points, b- or d-points. The ordering process described
y the sequence of equilibrium values of order parameters is
resented by a trajectory relating the zero-point with the cor-
esponding corner point (for details see e.g. in [7,8]). It has to

e noted that
[
dη1(T)
dT

]
and

[
dη2(T)
dT

]
along the trajectory are,

enerally, negative.
At the given values of concentration c and temperature T in

quilibrium will be the ordered configurations characterized by
he values of η1 and η2 parameters, which provide the absolute

inimum of the free energy function F(η1, η2, c, T).
The extrema of F(η1,η2, c, T) are determined by the equations
3,7,8]:

n

[
n1n2(1 − n3)2

((1 − n1)(1 − n2)n2
3)

]
= −V1

kT
(2.19a)
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Fig. 2. CeH ; T = 263.5 K. (a) Trajectory of the ordering process; (b) tem-
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Fig. 3. CeH2.44; Ttr1 = 365 K, Ttr2 = 135 K. (a) Trajectory of the ordering pro-
cess; (b) details of the equilibrium trajectory; (c) temperature dependence of
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2.15 tr

erature dependence of the hydrogen redistribution induced resistivity (2.17).
n (a) solid line indicates the sequence of equilibrium states and the dashed line
he discontinuous disorder–order transition.

n

[
n1(1 − n2)

((1 − n1)n2)

]
= −V2

kT
(2.19b)

here V1 and V2 are the energy constants (different for different
are-earths [3]), while the occupation numbers nl are determined
y (1.3). The absolute minimum of the free-energy function
orresponds to its lowest extremum.

. Results of calculations

In this section, results of calculations of equilibrium ordering
rocesses in compounds LaH2+c and CeH2+c, and of the corre-
ponding temperature dependences of hydrogen redistribution
nduced part of resistivity RH(T) are presented.

Calculations of RH(T) of MH2+c compounds were performed
asing on expression (2.17). The needed temperature dependent
quilibrium values of occupation numbers n1, n2, and n3 were
etermined using relation (1.3) and Eq. (2.19).

The development of the equilibrium ordered states can be
resented as a set of temperature dependences of occupation
umbers {n1(T), n2(T), n3(T)}(Fig. 4(a)), or as trajectories of the
rdering processes on the (η1,η2)-plane (Figs. 2(a), 3(a) and (b)).

In the CeH2+c compounds the high-temperature equilib-
ium state (η1 = 0, η2 = 0) at lowering temperatures transforms
n the (η1 �= 0, η2 �= 0) state. At c < 0.35 this transition is
iscontinuous and it becomes continuous for concentrations
0.35 < c < 0.65) [7]. The second, low-temperature order–order
iscontinuous transition arise only if c > 0.35 [7]. It is asso-

iated with the transfer of the free-energy absolute minimum
rom one local minimum to another (bd-transition in Fig. 3(a)
nd (b)) [7]. Typical trajectories of ordering processes for
< 0.35 and c > 0.35 are shown in Figs. 2(a) and 3(a), respec-

t

a
d

he hydrogen redistribution induced resistivity (2.17). In (a) and (b), solid lines
ndicate the sequences of equilibrium states, fine lines indicate the sequences of

etastable states, and the dashed line the order–order bd-transition.

ively. Their influence on the resistivity RH(T) is illustrated by
igs. 2(b) and 3(c).

In case of LaH2+c compounds, the high-temperature disor-
ered state of HO-atoms (η1 = 0,η2 = 0) at lowering temperatures
ransforms subsequently in two different equilibrium states:
η1 �= 0, η2 = 0) and (η1 �= 0, η2 �= 0), undergoing continuous
isorder–order and order–order transitions, respectively. An
xample of development of the ordering process is shown in
ig. 4(a). This sequence of states is realized practically at all
oncentrations, 0.15 < c < 0.9, except the region c ≈ 0.5. The
orresponding phase diagram can be seen in Fig. 4(c) [3,8],
here besides the disorder–order and order–order transition

emperature curves, are indicated the experimental transition

emperature points cited in [8].

The reflections of ordering processes in the RH(T) curves
re shown in Fig. 4(b). Concentration variations of the
isorder–order and order–order transition temperatures, Ttr1 and



N.Z. Namoradze, I.G. Ratishvili / Journal of Alloy

F
n
d

T
t

c
o

F
(
c
D

c
t
e
i

p

t

t
o
p
c
s

4

fi
d
T
c
r
p

r

R

w
t

h
D
o
b

ig. 4. LaH2+c compounds. (a) Temperature dependence of the sites occupation
umbers nl(T). c = 0.27; (b) resistivity curves calculated following Eq. (2.17) at
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tr2, are explained in Fig. 4(c), where the considered concentra-

ions are indicated by dashed flashes.

In Fig. 5 concentration dependent residual resistivities asso-
iated with the low-temperature disordered (quenched) and
rdered (relaxed) configurations of HO-atoms are shown (dashed

ig. 5. Residual resistivity as a function of concentration in the disordered
quenched) state (A) and in the completely relaxed (equilibrium) state (B). Solid
urve C – concentration dependence of the maximal possible quenching effect.
ashed flashes indicate the compounds considered in Fig. 4(b) and (c).
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urves A and B, respectively). The difference between these
wo dependences, representing the maximal possible quenching
ffect (see below) is given by the solid curve C. Dashed flashes
ndicate compounds considered in Fig. 4(b) and (c).

It has to be noted that the equilibrium values of order
arameters increase, as a rule, when temperature decreases,

hat is
(

dη1
dT

)
< 0 and

(
dη2
dT

)
< 0 (see Fig. 2(a) and the high-

emperature part of Fig. 3(a)). But, as it follows from calculations
f equilibrium ordered states [7], in some cases the ordering
rocesses may contain the regions where one of the parameters
hanges the temperature derivative’s sign. Such phenomenon is
hown in details in Fig. 3(b) and will be discussed briefly below.

. Discussion

Expression (2.17) is obtained in a traditional way based on the
rst-order perturbation theory describing the scattering of con-
uction electrons on point scatterers (HO-atoms, in our case).
he adequacy of this approximation is not established yet and,
onsequently, expression (2.17) can be treated as a qualitative
elation only. Nevertheless, it can provide some meaningful
hysical results.

First of all, introducing in (2.17) expressions (1.3) we can
epresent it as

H(c,T) = RH(η1, η2) = A

(
1

ne(c)

)

×
[
c(1 − c) − γ2(η2

1(T ) + 2η2
2(T ))

]
(2.17’)

here η1(T) and η2(T) are equilibrium values of LRO parame-
ers.

From (2.17’) it follows that at the increasing of order in the
ydrogen subsystem, the resistivity RH(c, T) gradually reduces.
ue to this expression it is obvious as well that the discontinuities
f η1(T) and η2(T) functions (in the phase transition points) will
e revealed by corresponding discontinuities in the resistivity.
uch anomalies of RH(T) curves are characteristic for CeH2+c
ompounds (see Figs. 2(b) and 3(c)).

In LaH2+c hydrides the disorder–order and order–order tran-
itions are continuous at concentrations 0.15 < c < 1 [8]. From
ig. 4(a) and (b) it follows that the phase transition points are
ssociated with the kink-like anomalies of the smooth RH(T)
urves. These kinks are induced by the discontinuities of deriva-

ives:
(

dη1(T )
dT

)
at T = Ttr1 and

(
dη2(T )

dT

)
at T = Ttr2.

Measurability of these anomalies of RH(T) curves has to be
onsidered.

It was mentioned already (see relation (2.13)) that the
esistivity RH(T) is a part of the total resistivity of MH2+c com-
ound, Riot(MH2+c), the main contributions to which come from
he acoustic oscillations of the metal lattice, Rtherm(metal). A
emarkable role is played by the optical oscillations of HT-atoms,
therm (HT), as it was shown [9] in the case of MH2 dihy-

rides. Addition of optically oscillating HO-atoms will increase
he “thermal-component” of the total resistivity. In these condi-
ions the anomalies of RH(T) curves associated with the spatial
edistribution of HO-atoms (discontinuities and/or kinks) will
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e masked by the temperature-dependent contributions of other
erms in (2.13).

Nevertheless, the hydrogen redistribution processes in the
H2+c compounds can be registered directly in the measure-
ents of quenching effects.
The maximal possible quenching effect for a given cR0(c)

an be determined as

R0(c) = R0
0(c) − R0(c) (2.20)

here R0
0(c) and R0(c) are residual resistivities for the com-

letely disordered and maximally ordered states, respectively.
e have in all cases

0
0(c) = A

(
1

ne(c)

)
c(1 − c) (2.21a)

0(c) = A

(
1

ne(c)

)∑
l

νlnl(j)(1 − nl(j)) l = 1, 2, 3

(2.21b)

In (2.21b) j denotes the corner points (b and d points) of the
region P”.

Basing on relations (2.17’) and (2.21a), expression (2.20) can
e presented as

R0(c) = A

(
1

ne(c)

)
γ2[η2

1(j) + 2η2
2(j)] (2.22)

r

R0(c) =A′q(c) (2.23)

here A′ is independent of the hydrogen concentration c,

′ ≡ A

[(
1 − c

ne(c)

)]
(2.24a)

(c) = γ2[η2
1(j) + 2η2

2(j)](1 − c)−1 (2.24b)

To obtain an algebraic expression ofR0(c) we have to sub-
titute in (2.24b) the coordinates of the corner points of the
region P” (η1(b), η2(b)), or (η1(d), η2(d)).

In the whole concentration range 0 ≤ c ≤ 1 coordinates of the
-point are: γη1(b) = 0.5 − c and γη2(b) = 0.25 [10] giving for
< c < 1

Region li

I 0 ≤ c

II 0.25 ≤

III 0.50 ≤
IV 0.75 ≤
b(c) = [0.375 − c(1 − c)]

(1 − c)
(2.25a)

The coordinates of the d corner point are known [10] to be
ifferent in the different concentration regions of the whole con-

3
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entration range 0 ≤ c ≤ 1. Basing on [10] and (2.24b) we can
btain the following results for 0 < c < 1.

γη1(d) γη2(d) qd(c)

.25 c c
3c2

(1 − c)

0.50 c 0.5 − c
(3c2 + 0.5 − 2c)

(1 − c)

0.75 c − 1 c − 0.5
(3c2 + 1.5 − 4c)

(1 − c)
1.0 c − 1 1 − c 3(1 − c)

(2.25b)

In the case of LaH2+c compounds, where within the
ain range of concentrations (0.1 < c < 0.9) the limiting low-

emperature equilibrium states are associated with the corner
oint d, we shall have

(c)[LaH2+c] = qd(c) (2.26)

As it was mentioned above, dependences (2.21) for the disor-
ered and ordered states are shown in Fig. 5 by the dashed lines
A and B, respectively), while the concentration dependence of
he possible maximal quenching effect determined by (2.26) and
2.25b) is given in the same figure by a solid line (curve C).

In the compounds CeH2+c the low-temperature limiting state
s located for some c in the corner b, and for the others in the
orner d (for details see [7]). It follows that q(c) [CeH2+c] is
resented correspondingly by (2.25a) or by (2.25b).

It has to be noted that quenching effects in the ordering rare-
arth dihydrides were investigated experimentally more than a
ecade ago (see e.g. [11]).

Some words concerning the peculiar regions of the ordering
rocess, such as the “turning point” shown in Fig. 3(b), where
ne of the order parameters changes its temperature derivative
ign. In the corresponding part of the RH(T) dependence shown
n Fig. 3(c) no anomalies can be seen. It means that at lowering
emperature in this trajectory point the second order parameter
ncreases so significantly that the temperature derivative sign of
he total expression (2.17’) remains unchanged.

. Conclusions

. The ordering of HO-atoms reduces the resistivity of RH2+c
compounds and provides the existence of observable quench-
ing effects. The magnitude of these effects depends on the
hydrogen concentration.

. Phase transitions included in the ordering processes are
reflected as kinks or discontinuities of the smooth RH(T)
dependences. The order of the given phase transition deter-
mines the type of the corresponding anomaly: it is a kink for a
second-order transition and a discontinuity for the transition
of the first-order.
. Dependence of the resistivity RH upon the order parameters
η1 and η2 (2.17’) explains the inadequacy of resistivity mea-
surements to register such details of the ordering process, as
the mentioned above “turning points”.
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